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Abstract 

The problem of renormalization procedure is re-examined from the 
viewpoint of Micro-Macro duality. 

1 Micro-Macro duality 

"Micro-Macro duality" is one of the basic features found between the invisible 
microscopic nature and its visible macroscopic manifestations, which can be 
understood in parallel with the Fourier duality between an abstract group and 
the concrete representations of the former. This viewpoint has played crucial 
roles in our analysis of the mutual relations between virtual dynamical levels 
and specific geometric ones in various contexts (see, [1]). Using this general no- 
tion, we can provide the heuristic idea of "Quantum-Classical Correspondence" 
with precise mathematical formulations in which Micro and Macro are mutu- 
ally and closely related with each other; the latter. Macro, emerges from the 
former, Micro, through the processes of condensation of infinitely many quanta 
and the essential features of the former can be determined and re-constructed 
to certain extent from the data structure at the levels of Macro, in close analogy 
with the above-mentioned duality in the context of groups and representations. 
From this viewpoint of Micro-Macro duality, we try here to sketch the essential 
ingredients for a natural reformulation of the traditional theory of renormaliza- 
tion procedures commonly adopted in the physical applications of quantum field 
theory (QFT for short). For this purpose, the most relevant notions in what 
follows are the group of scale transformations and the associated aspects of bro- 
ken symmetry which is not unitarily implementable within a sector (defined by 
a quasi-equivalence class of factor representations of the algebra of observables) 
but which generates a family of (mutually disjoint) sectors along an orbit of 
symmetry transformations. 
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2 Broken scale invar iance: imaginary- time vs. 
real-time 



Here we briefly summarize some consequences of broken scale invariance in 
relativistic QFT. 

1) Imaginary-time version — "temperature as order parameter of broken 
scale invariance" : 

Theorem 1 (IO04 f^) In the standard setting up of algebraic QFT, the in- 
verse temperature /? := {P^P^Y^'^ is a macroscopic order parameter for 
parametrizing mutually disjoint sectors in the thermal situation arising from the 
broken scale invariance under the renormalization- group transformations, 
where is an inverse temperature ^-vector of a relativistic KMS state ujpii. 
describing a thermal equilibrium in its rest frame. 

This result is based on the notion of a scaling algebra due to Buchholz- 
Verch [3] in combination with Takesaki's theorem [4] on the disjointness of KMS 
states at diff'erent temperatures valid for a system with physical observables 
constituting a von Neumann algebra of type III. 

2) What should be the corresponding "real-time" version to the above?: 
Renormalization Theory (at T — OK). 

2.1 How to formulate broken scale invariance 

Theorem 2 (Takesaki'70 [4j) For a quantum C*-dynamical system with type 
III representations in its KMS states, any pair of KMS states for different ( in- 
verse) temperatures (ii ^ /32 are mutually disjoint ujp-^ °OJp^. 

The claim of the first theorem due to myself is that the above disjointness 
allows us to interpret the inverse temperature /3 as an order parameter of broken 
scale invariance. In the usual situation, this kind of symmetry breakdown arises 
as a spontaneous breakdown of a symmetry described by a group acting on 
the algebra of physical quantities by automorphisms. In contrast, the present 
case of broken scale invariance usually involves explicit breaking terms such 
as mass, which seem to prevent scale transformations from being treated as 
automorphisms. However, the results on scaling algebra in algebraic QFT due 
to [31 [2] shows that the above negative anticipation can be avoided. 

Their results can be summarized as follows. Let the following requirements 
be imposed on all the possible renormalization-group transformations R\ : 

(i) Rx should map the given net O — ?> A{0) of local observables at spacetime 
scale 1 onto the corresponding net O — > Ax{0) = A{XO) at scale A, i.e., 

Rx : A{0)^Ax{0) 

for every region O C M'*, through which the light velocity c is kept unchanged: 
{Xxy/{Xxf = x'/x°. 

(ii) In the Fourier-transformed picture, the subspace A{0) of all (quasi-local) 
observables carrying energy-momentum in the set C M'* is transformed as 

Rx : A{d)^Ax{d) 



2 



for VO, where A\{0) := A{\~^0), through which the Planck constant H is 
unchanged: {\~^p)^{\xY /h — p^x^^ /h. 

(iii) For scale invariant theories R\ may not be isomorphisms but are maps 
continuous and bounded uniformly in A. 

Then, scaling net O A{0) corresponding to the original local net O 
A{0) of observables is defined as the local net consisting of scale-changed observ- 
ables under the action of all the possible choice of R\ satisfying (i)-(iii). Math- 
ematically the algebra A{0) can be understood as the algebra r(R+ x A{0)) 
of sections R+ 9 A i — > i(A) e Ax{0) of algebra bundle n;,gR+y^A(C) ^ M+ 
over the multiplicative group K+ of scale changes (= A{0) augmented 
algebra). Then, the scaling algebra A is defined by the C*-inductive limit of 
all local algebras A{0). Algebraic structures making A{0) a unital C*-algebra 
are defined in a pointwise manner, for instance, by (A ■ B){X) :— A{X)B{X), 
(i*)(A) :=i(A)*, etc., and ||i|| snp^^^+ l|i(A)||. 

From the scaled actions A\ ^ V\_ of Poincare group on A\ with a^, ^ — 

Q,(->') ' 

ctXx.A, an action of is induced on A by 

(ax,A(i))(A) :=aA.,A(^(A)). 

Then the conditions (ii) , (iii) are expressed simply as the continuity of Poincare- 
group action: 11 dx a(^) ^ ^ II ^ 0. Then, the scaling net O A(0) 

(2;,A)-!-(0,l) 

is shown to satisfy all the properties to characterize a relativistic local net of 
observables if the original one O — A{0) does. 

Now scale transformations can be defined by an automorphic action a-^+ of 
the M+ on the scaling algebra A, given for V/i G by 

(<7^(i))(A) :- i(/iA), A > 0, 

satisfying 

a^iAio)) ^ A{^lO) , ocR^ 

o-p o dx,A = a^x,A ° , {x, A) G P| . 

Remark 3 Scaling transformations (7^+ play the role of renormalization group 
transformations to relate observables at different scales. 

Remark 4 Since a broken symmetry can always be restored by taking all break- 
ing parameters as variables undergoing the broken symmetry transformations, 
there is no miracle in the results due to Buchholz and Verch through their com- 
plicated analysis: it can naturally be accommodated as a special case into the 
general definition of a augmented algebra fSjj T := T[G Xh J') with the choice 
of H := 'P'\_, G = H yi (semidirect product) and together with slight mod- 
ifications due to spacetime dependence T =^ •^(C') (which is affected by the 
action o/R+^ (and the intervention of the centre due to SSB: SO{3)\L^ = M.^ 
atT^ 0°K) 0/. 

Scaled actions a^^\ = cka^.a of Poincare group on Ax can also be naturally un- 
derstood as the conjugacy change of the stability group H gHg~^ from the 
point He to Hg~^ on the base space H\G — M+; s^(a;, A)s^^ — (/ia;, A). 
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2.2 Scale changes on states 

Corresponding to each probability measure on the centre = 3{A{0)) = 
C(R"'") due to the broken scale invariance, we have a conditional expectation fi 
from A to A: 

il:A3A^[ dfi{X)A{X) e A. (1) 



Instead of dfj.{X), it is also possible to take the Haar measure dX/X of K+. As it 
is a positive unbounded measure but not a probability one with the total mass 
one, however, the corresponding map to /t becomes an operator-valued weight 
whose images are not guaranteed to be finite. Any state w £ can be lifted 
onto A through fi by 

Ej{ 3 Lo I — > f->*{^) = woy(i = CL'®/iG -B^, (2) 

where we have used A C C{M+,A) ^ A® C(M+). 

In [3] the case /i = (5a=i(: Dirac measure at the identity of M+) is called a 
canonical lift Co :— u o 5i. The scale transformed state defined by 

Cj\ :— Cj o dx — iij o 5\ (3) 

describes the situation at scale A due to the renormalization-group transforma- 
tion of scale change A. 

Conversely, starting from a state Cj of A, we can obtain its central decomposi- 
tion as follows: first, we call two natural embedding maps t : A^A [[i{A)] (A) = 
A] and n : C(R+) ~ 3(^) ^ A. Pulling back Cj hy n* : i?c(R+), we can 

define a probability measure pQ := k*{Cl!) — Cj o k = Cj \c(vl+) on M+, namely, 
^ \c(m) if) = /r+ dp^{X)f (X) for V/ e C(R+). ^ 

For any positive operator A — J adE^ (a) G A, we can consider the central 
supports c(£'^(A)) e ProjOiv^iA)) of -E^(A) e Proj{nu,{A)") with a Borel 
set A in Sp{A) C [0, +oo) satisfying c(£;^(A))£;^(A) = E^{A). From this we 
see that p'l{c{E^{A))) = implies u}"{E^{A)) = 0, where Cj" and p'^ are the 
extensions of Cj and pc: to ncj{A)" and i°°(M+, dpii), respectively. Thus, we can 
define the Radon- Nikodym derivative ojx := j^{X) of Cj w.r.t. p^ as a state on 

7r(:i(^)" so that 



C;{A) - y dpc,iX)LJx{A{X)) = J dpc,{X)LJx{6x{A)) ^ J dpc{X) yuJx®5x\ [A). 

(4) 

Then, the pull-back i'{Cj) — Cj o l e Eji^ of w G by t* : — > i?^ is given by 



l*{Cj) = / dpc{X)ujx, (5) 

owing to the relation 



i*{Cj){A)^Cj{i{A)) = / dpc,{X)ujx{A) - 



dpcj{X)ujx 



{A). (6) 



Using this relation to the scaled canonical lift, Cox '■— Cjodx = {uio5i)o(tx — ujoSx, 



of a state a; e i?^, we can easily see l*{ujoSx) = l*{ujx) — i^a[= ^r^W] = 0a (w). 
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where (jjx is the isomorphism introduced in [7 between uj and the canonical hft 
LOx G Ej^ projected onto A/'keT{TTui o a\). 

Thus we can hft any state uj S Ey[ canonically from A to uj G E^, and, after 
the scale shift a\ on A, return lu o a\ back onto A: (t>x{'-^) = lo\ = l*{uj o 5\)^ 
as result of which we obtain the scaled-shifted state u)\ e Ej\^ from lo G Ej^^ in 
spite of the absence of scale invariance on A. 

Now applying this procedure to a; = (: any state belonging to the family 
of relativistic KMS states with the same (/3^)^/^), we have a genuine KMS state 
by going to their rest frames. Then we have lj\ = {Ljp)x = top o 5\ which is 
shown to be a KMS state at f3/\: 

{ujp o 5),){Aat{B)) = ujfi{A{\)axt{B{X))) 
= uJp{axt-^0{.B{^))A{\)) - c^MaA(t-WA)(^(A))i(A)) 

^{upo5x){at^,p,x{B)A), (7) 

and hence, (wS)a G (l^xil^p) € Kp/x- 

As already remarked, the above discussion is seen to apply equally to the 
spontaneous as well as explicitly broken scale invariance with explicit breaking 
parameters such as mass terms. The actions of scale transformations on such 
variables as , and also conserved charges are just straightforward, which is 
justified by such facts that the first and the second ones are of kinematical na- 
ture and that the second and the third ones exhibit themselves in the state labels 
for specifying the relevant sectors in the context of the superselection structures 
[51 [S] . This gives an alternative verification to the so-called non-renormalization 
theorem of conserved charges. In sharp contrast, other such variables as cou- 
pling constants (to be read off from the data of correlation functions or Green's 
functions) are affected by the scaled dynamics, and hence, may show non-trivial 
scaling behaviours with deviations from the canonical (or kinematical) dimen- 
sions, in such forms as the running couplings or anomalous dimensions. Thus, 
the transformations ax (as "exact" symmetry on the augmented algebra A) are 
understood to play the roles of the renormalization-group transformations (as 
broken symmetry on the original algebra A). As a result, we sec that classical 
macroscopic observable j3 naturally emerging from a microscopic quantum sys- 
tem is verified to be an order parameter of broken scale invariance involved in 
the renormalization group. 

In the present context of the scale transformations in real version, we can 
use these scale changes of states to compare different theories renormalized by 
renormalization conditions imposed at different scale points. 

3 Nuclearity Condition &; Renormalizability 

For the purpose of controlling the phase space properties in algebraic QFT, the 
nuclearity condition is formulated as follows: the map ^o,e ■ -4(0)1 3 A i — > 
PEAn, e S) with Pe the spectral projection on state vectors having energy below 
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E is required to be nuclear^ admitting such a decomposition as 

oo 

( A) = ^ {A)^^ for VA eA{0)i 

i=l 

oo 

with Lpi G A{0)* and $i £ s.t. ^ ||(^i|| < oo, 

i=l 

on the unit ball A{0)i {A G A{0); \\A\ \ < 1} of any local subalgebra A{0) 
of observables. This condition excludes such "unphysical" fields as generalized 
free fields without discrete mass spectrum admitting no particle picture to be 
detected in scattering experiments. The nuclearity condition and the assump- 
tion of the approximate scale invariance are known |5] to imply that the local 
subalgebra A{0) is a factor von Neumann algebra of type III with no minimal 
projections, i.e., any projection operator E G ^(C')\{0} is equivalent to the 
identity operator / = id^y. 3v G A{0) s.t. v*v — I, vv* = E. 



3.1 Point-like fields as idealized local observables 

On the basis of the nuclearity condition [7] and the energy-bound , the notion 
of point- like field operators [9l [10] has been established satisfying the operator- 
product expansion ( OPE) in a non-perturbative way in algebraic QFT by Bostel- 
mann jl2| . The energy bound means the requirement that observed values of 
quantum fields 4>{f) can become large only with large energy: for any Z > 0, 
there is a sufficiently large to > that the inequality 

11(1 + H)-"^ m (1 + Hr^'W <c jdx\{l~ A)-'/(2:)|, 

holds with a (positive) Hamiltonian H, operator norm || • || in the vacuum 
sector % and A: Laplacian on M"*. When this holds, there exist a sequence of 
test functions tending to Ji — >■ 5x'. Dirac measure at x and a sufficiently large 

integer m > such that 

lim (1 + i?)-™ ^{U) (1 + i/)-'" =: (1 + i/)-" ^{x) (1 + i?)-"*. 

Then a field (t>{x) at a point x is well-defined as a linear form on such states 
uj in the vacuum sector that oj{{l + i?)^™) < oo. Hermitian elements in the 
sets Qm,x ■■= {(i>{x); ||(1 + i7)-"0(a;)(l + < oo} of point-like fields are 

idealized observables at spacetime points x meaningful for such states uj that 
a;((l -|- iJ)^"*) < oo. The set Qm,x of such point-like fields are, in general, 
finite-dimensional linear spaces satisfying Qm.x C Qm',x for m < m' and are 
invariant under the stability group of x in . The meaningless notion of prod- 
uct of fields at a point x is replaced in Qm.x by normal products defined by 
the following OPE: for instance, ill-defined square <j>{x)'^ is replaced by the sub- 
spaces M[<f)'^)q^x C Qn.x generated by normal products ^j[x), j = 1, • • • , J(g), 
appearing in OPE of (j){x + |)0(a; — |): 



{l + H)--\\<c\^\'^, 
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which is satisfied for any (f) G Qm.x for spacehke ^(g M'*) with arbitrary 
g > 0, by choosing a finite number of fields G Qn,x and sufficiently 

large n, and some analytic functions ^ i— t- Cj(^), j = iJ{q)- Using this 

definition, the spaces J\f{cj)P) q,x{C Qn.x) of normal products of higher powers p 
can similarly be defined. While the linear spaces Qm.x of pointlike fields lack 
the multiplication structure, the validity of OPE allows us to provide them with 
a structure generalizing a product system of Hilbert modules Qn,x ■ It is also 
possible for the partial derivatives of spacetime coordinates ^ to act on these 
spaces through the ^^balanced derivatives" d^(f>{x + — |) [13] which are 

contained in M{(jP) q^x (for large q) as shown by the relation, 

11(1 + ^{x + |)^(x - i) - ^ ^,{x)]{i + ny-w < e |^r, 

valid for Vr > 3g and 3n sufficiently large. 



3.2 Comparison between OPE & Wigner-Eckhart theo- 
rem 

To take advantage of the above OPE structure, we compare it with the basic 
feature of the Wigner-Eckhart theorem for an irreducible family of tensor oper- 
ators {Fml''',mi = —71, —71 -|- 1, • • • , 71 — 1, 71} under the action of a (compact) 
group G (such as SU{2), typically): 

(7w|F^7^IT2"^2) = (7ll^^'^'^ll72)(7nT-l(7inT-i), (72^2)), 

where (7m|(7imi), (72m2)) are the Clebsch-Gordan coefficients describing a 
branching rule from the Kronecker tensor product [71 '8)72] (3) = 7i(.9) ® 72(3) 
of representations (71,^7^) {i = 1,2) into irreducible ones {(7,^^7)1 G Rep{G) 
(I7, rn) G Vy) of G. Note that the Kronecker tensor product 7ii8>72 of G is the 
restriction of the tensor product representation (7 H 72 ) (gi , .92 ) = 7 (51 ) '8' 72 (32 ) 
of G X G onto a subgroup G embedded via the diagonal map 6g ■ G 3 g 1 — > 
5G{9)^ig,g)eGxG: 

[7i«'72](5) = [(71 ^72) o'^gKs) = 71(5) «) 72(g) • 

According to this formula, the matrix elements of the tensor operator {Fml^^ , rni — 
~7ij ~7i + 1, ■ • ■ , 71 — 1, 71} are decomposed into two factors, G-invariant dy- 
namical one (7I l-F^''^'' 1 172) & purely kinematical one (7m|(7irni), (72TO2)} de- 
termined completely by G-transformation property of F^'*^\ 
In the case of OPE, 

^li^ + f )<^2(X - |) J2 Niipl^2)^ix)G,{0 + ■■■ , 

i 

the dual map S* of S given by S*{ipi ^ip2){x) = {ipi^ip2){S{x)) — (pi{x)i)^(p2{x) 
is ill-defined for operator-valued distributions ipi. In this context, therefore, 
the diagonal map 6(x) = {x,x) should be understood in the limit: (x -f — 
|) ~ 6{x) — {x,x) after "removing" such divergent terms as Gi(^). Except 
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for this difference, the essence of OPE formula is just in parallel with the above 
Wigner-Eckhart case: factorization of the product ipi{x + ^)tp2{x — |) into 
two components, dynamical non-singular factors N(ipiip2)i{x) depending only 
on the "centre of mass" [(a; + |) + (x — |)]/2 = x and c-number kinematical 



singular functions Ci(^) of the relative coordinates {x - 



Note 



that the singularity of the product ipi{x + ^)f2{x — |) in the limit o/ ^ — > is 
isolated into these kinematical c-number factors Ci(^) = Ni{X)Cl^^ {£,) , where 
A := 1^1 ^ represents the cutoff momentum to regularize the UV divergences 
in a non-perturbative way and Ni(X) can be taken as counter terms to define 
renormalized field operators (formally) by 

It may be instructive to find the analogy of the present structure with the time- 
localization scale At of Hida derivatives at,al in the White- Noise Analysis |15) . 

Since the limit ~ means 
4^0 



(1 + ^)" 



i=i 



the convergence 4){x + ^)4>{x — f) ~^ Ej==i Cj(^) is state- dependent so 

that 



(^+f)0(^-f) 



holds only for those states uj which satisfy 

+ i/)^") < constant. 

Thus, states w for which OPE is valid cannot be localized, and hence, to such 
an extent, the spacetime point x in ip{x) is actually extended! 

In the above situations the common essence can be found in the relevance 
of some selective filters depending on the choice of states w. We note here that 
the (approximate) diagonal maps 6{x) — {x,x), 

(a; + ^, X - ^) ~ (x, x) = 6{xy, 

[(71 KI72) o(5](g) = [7i®72](g) = 71(5) "X) 72(9), 



play essential roles in the definition of Hopf algebra structures with the harmonic- 
analytic dualities controlled by Kac-Takesaki operator (of the so-called duality 
transformations), which should play crucial roles in extending the above rela- 
tions for two-point functions to arbitrary n-point functions. 

By the above condition aj((l -I- ff)^") < constant, the selective filter on the 
initial state uj is related with the nuclearity condition ^o,e{A) = PeAQ — 
whose energy scale E can be related to the above cutoff X. In 
spite of the sharp contrast between almost finite- dimensitonality as nuclearity 
and 00 -dimensionality inherent to type III, both properties are closely related 
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with the nuclearity condition and are crucial for renormalizahility and for shifts 
of the renormalization points by renormalization- group transformations: 

1) renormalizahility = finiteness of the number of graph types of divergent 
"1-particlc irreducible (IPI)" diagrams is expected to follow from the very nu- 
clearity condition (= intra- sectorial structure); 

2) the absence of minimal projection in type III von Neumann factors (due to 
approximate scale invariancc) allows the shifts of renormalization points by scale 
transformations = renormalization- group transformations. This gives the inter- 
sectorial relations among "sectors parametrized by renormalization conditions" 
at different renormalization points (on the centre = 3{A{0)) = C(M+) of 
the scaling algebra). 

In this sense, the nuclearity condition can be regarded as the mathematical 
version of the renormalizahility condition and broken scale invariance inherent 
to local subalgebras A{0) of type III with no minimal projection requires the 
renormalization condition to he specified at some renormalization point which 
can, however, be chosen arbitrarily. 

Here we present some new perspectives for understanding the conceptual 
and mathematical meaning of renormalization scheme in relation with such key 
notions as the nuclearity condition, broken scale invariance and the type III 
nature of local subalgebras of quantum fields in close relation with algebraic 
QFT. What remains to be clarified is the following: 

1. Counter terms Ni{X) are expected to be factors of automorphy associ- 
ated to the fractional linear transformations of (approximate) conformal 
symmetry 5*0(2, 4)(~ SU{2,2)) associated with (approximate) scale in- 
variance. Along this line, the Callan-Symanzik type equation for Ni(X) 
involving running coupling constants and anomalous dimensions should 
be established. 

2. In the opposite direction to the conventional renormalization scheme based 
on perturbative expansion method starting from a "Lagrangian" (along 
such a flow chart as "Lagrangian" — > perturbative expansion — >■ renor- 
malization + OPE), the perturbation expansion itself should be derived 
and justified as a kind of asymptotic analysis within the non-perturbative 
formulation of renormalization based on OPE: namely, we advocate such 
a flow chart as starting from OPE renormalization perturbative 
method as asymptotic expansion — > "Lagrangian" determined by Fip/ & 
renormalizahility (= finite generation property). 

3. More detailed mathematical connections should be clarified among nucle- 
arity condition, renormalizahility. renormalization conditions, renormal- 
ization group to shift renormalization point and broken scale invariance 
inherent to local subalgebras A{0) of type III from the viewpoint of non- 
standard analysis. 
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